We study divided power structures on finitely generated k-algebras, where k is a field of positive characteristic p. As an application we show examples of 0-dimensional Gorenstein k-schemes that do not lift to a fixed noetherian local ring of non-equal characteristic. We also show that Frobenius neighbourhoods of a singular point of a general hypersurface of large dimension have no liftings to mildly ramified rings of non-equal characteristic.
Introduction
It is well-known that smooth projective curves defined over an algebraically closed field of positive characteristic can be lifted to characteristic zero. This is no longer the case for higher dimensional projective varieties. However, every smooth scheme defined in positive characteristic can be locally lifted to characteristic zero. Such local lifting properties hold also for all locally complete intersections as affine complete intersections are unobstructed. Unfortunately, the lifting property does not hold for affine schemes and in fact R. Vakil in [7, Theorem 1.1, M7] shows that the versal deformation spaces of isolated normal CohenMacaulay threefold singularities satisfy Murphy's law, i.e., every singularity type of finite type over Z appears on these spaces. This result depends on Schlessinger's theorem, which says that under some mild assumptions every deformation of a cone over a normal projective variety X of dimension ≥ 2 is a cone over a deformation of X. If we take as X a smooth projective surface that does not lift to characteristic zero, then we obtain examples of singularities that do not lift to characteristic zero. Clearly, this method does not work for lower dimensional singularities and hence one could still hope for the local lifting property for low dimensional schemes satisfying some nice properties like being Cohen-Macaulay or Gorenstein. In fact, it is a well-known problem whether there exist nonliftable zero-dimensional schemes or nonliftable singular curves (see, e.g., [4, p. 148] The constructed schemes depend on R (more precisely, they depend only on the smallest e such that m e R ⊂ pR). So in principle these schemes could be liftable to characteristic zero over some more ramified rings but we are unable to check whether this really happens. As a substitute we can find a direct system {X n } n∈N of 0-dimensional k-schemes such that for every noetherian local ring R with residue field k and pR = 0 the schemes X n do not lift to R for large n (see Corollary 4.9).
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Let k be an algebraically closed field of characteristic p > 0. If X is a k-variety, the Frobenius neighbourhood of a k-point x ∈ X is the subscheme (Fr X ) −1 (x) ⊂ X, where Fr X : X → X is the absolute Frobenius morphism. Set-theoretically it is equal to x but its ideal sheaf in O X equals to m p x · O X . For r ≥ 1 an rth Frobenius neighbourhood of x ∈ X is defined similarly with the Frobenius morphism Fr X being replaced by (Fr X ) r .
We construct our examples by linkage from high Frobenius neighbourhoods of a singular point of a hypersurface. Unfortunately, deformations of Frobenius neighbourhoods of a vertex of a cone over a projective variety X are difficult to control and they are not easily related to deformations of X. Still these neighbourhoods seem to be "less liftable" than the original variety, so it is an interesting question if they give unliftable schemes for examples considered by Vakil.
The basic tools that we use are elementary deformation theory and divided power algebra. In the simplest case of rings with small ramification (e.g., R = W 2 (k)) existence of lifting is related to the study of divided power structures on an ideal of a ring of positive characteristic and we show a simple criterion that allows us to check its existence. In this case one can use Koblitz's example [2, Example 3.2.4] to get a non-liftable example (see below for more details). Lifting to other rings is more complicated and although it is not directly related to existence of divided power structures we can still give a numerical criterion that in some cases allows us to check that lifting does not exist (see Theorem 3.3).
We show a criterion allowing us to check when higher Frobenius neighbourhoods of singular points lift to some local rings with pR = 0 (see Theorem 3.3). As a corollary we show the following theorem (see 
The first Frobenius neighbourhood of a singular point of a general hypersurface in
A n , where n ≥ 6, does not have a divided power structure and it does not lift to W 2 (k).
Let X ⊂ A
n k be a general hypersurface with multiplicity ≥ q = p r at 0. If n ≥ 3q then the r-th Frobenius neighbourhood of 0 ∈ X is not liftable to any local ring R with residue field k and such that pR = 0 and m q R = 0. The only previous results related to Theorems 0.1 and 0.2 are folklore. Namely, it was known that if k is perfect then there exists a zero-dimensional k-scheme which does not lift to ring W 2 (k) of Witt vectors of length at most 2. In fact, in [2, Example 3.2.4] the authors state (without proof) N. Koblitz's example of an ideal J in a characteristic p ring with J (p) = 0 and with no divided power structure. The corresponding ring was known to have no lifting to W 2 (k). The author learnt this fact from B. Bhatt, who learnt it from J. de Jong. The proof was published in [8, Proposition 3.4] by the author's student, M. Zdanowicz (who learnt the fact from the author). In characteristic 2 we show that although this 0-dimensional k-scheme does not lift to W 2 (k), it lifts to a discrete valuation ring of characteristic zero with absolute ramification 2 (see Example 4.3). So in general one cannot expect that schemes from Theorem 0.2 do not lift to characteristic zero. This explains why Frobenius neighbourhoods of Vakil's examples seem more likely to produce nonliftable examples of 0-dimensional schemes.
The structure of the article is as follows. In Section 1 we recall and state a few preliminary results. In Section 2 we study divided power structure on ideals close to Frobenius neighbourhoods. Then in Section 3 we prove the main technical criterion that allows to check liftability of zero-dimensional rings. In Section 4 we apply these results to obtain 0-dimensional schemes that are not liftable to a fixed ring. In Section 5 we show how to change these examples to obtain Gorenstein schemes.
Preliminaries

Simple lifting results
Let us recall the following well-known lemma (see, e.g., [5, 
Let us fix prime ideal P as above. Since R is local and Artin, every prime ideal in R is equal to m and hence Spec k → Spec R is a bijection. Since T = S/mS ≃ S ⊗ R k, the canonical projection π : S → T also induces a bijection Spec T → Spec S. In particular, there exists a prime idealP in T such that 
Let k be a field and let R → k be a surjective morphism from a ring R. We say that a k-scheme X is liftable to R → k if there exists a flat R-schemeX and a closed embedding X ֒→X inducing an isomorphism X →X × R k. We say that a k-algebra A is s liftable to R → k if the corresponding k-scheme Spec A is liftable to R → k.
Divided power algebra
Let (A, I) be a commutative ring and an ideal. Let us recall that a divided power structure on I is a sequence of maps γ n : I → A that behave like operations x → x n /n!. More precisely, this sequence is required to satisfy the following properties for all n, m ≥ 0, x, y ∈ I and a ∈ A:
For basic properties of divided power structures see [2, §3] and [6, Tag 09PD]. The following lemma can be found in [6, Tag 09PD, Lemma 5.3] . Z (p) in the lemma stands for the ring of p-adic integers, i.e., the localization of Z along the multiplicative system Z − (p). We avoid notation Z p as in algebraic geometry this could be confused with the localization of Z along the multiplicative system {p n } n≥0 . LEMMA 1.4. Let p be a prime number and let A be a Z (p) -algebra with an ideal I. Then we have a natural bijection between the set of divided power structures γ on I and maps δ : I → I such that
The correspondence is given by δ = γ p . 
The above corollary follows easily from the definition of divided power structures together with the fact that for Z (p) -algebras γ n is determined by γ p (which is the content of Lemma 1.4).
Let M be an A-module. Let us recall that a map τ : M → M is called p-linear if it is additive and τ(ax) = a p τ(x) for all a ∈ A and x ∈ M. For an ideal I in A we denote by I (p) the ideal in A generated by x p for all x ∈ I. 
Combinatorics
Let us recall the following easy facts. The following lemma can be found, e.g., in Proof. Let R x 1 , ..., x n be the divided power polynomial algebra (see [6, Tag 09PD, Lemma 5.1]). This is an R-algebra with an R-module structure given by
and multiplication given by
In particular, as an R-algebra ring R x 1 , ..., x n is generated by x (y l, j ) l=1,...,n, j=1,. ..,i l −1 B such that δ p (y i, j ) = 0 for all i, j. 
3 General results on divided power rings in equi-characteristic case 
This polynomial appears naturally in the computation of f p and it plays an important role in the study of divided power structures. Let i 1 , ..., i n , j 1 , ..., j n ′ be positive integers less or equal to p. If  the ideal (x 1 , ..., x n , y 1 , ..., y n ′ ) in k[x 1 , ..., x n , y 1 , . ..,
Proof. Let us take some polynomials f (x) ∈ I and g(y) ∈ J. The canonical projection π x maps w p ( f (x) + g(y)) to w p ( f (x)) and π y maps w p ( f (x) + g(y)) to w p (g(y)), so the corollary follows directly from Proposition 3.1. 
Let us set
If r = 1 then we have
Note that pR ⊂ m R and pm R = 0, so p 2 R = 0. So if r > 1 then we obtain Proof. Replacing R by R/pm R and using Nakayama's lemma we can assume that pm R = 0. Then the required assertion follows from Proposition 3.1 and the above theorem.
Note that if A 0 is liftable to R → k then the proof of Proposition 3.1 gives the same divided power structure on m 0 A 0 independently of a lifting.
Let V be a discrete valuation ring of unequal characteristic p and with uniformizing parameter π. Let us assume that (π) has a divided power structure. By [2, Example 3. A 0 /k is large, i.e., A 0 has many non-trivial deformations over the ring k[t]/(t 2 ) of dual numbers. Since (t) in k[t]/(t 2 ) has a divided power structure, this show that assumption pR = 0 in Corollary 3.5 is essential.
Examples
In this section k is a field of characteristic p > 0. is 0. This coefficient is equal to
precisely, one can take
So a general hypersurface also satisfies this condition and by Proposition 3.1 its first Frobenius neighbourhood has no divided power structure. By Corollary 3.5 such schemes do not lift to W 2 (k).
Remark 4.5. In the above corollary the notion of "general" is used in the usual sense, i.e., it corresponds to a general point in the parameter space of all hypersurfaces singular at 0. However, the proof shows that the assertion holds also for a cone over a general projective hypersurface of degree 2 in P n−1 (under the same assumptions on n). One can also obtain a similar statement for hypersurfaces of higher degree at the cost of increasing the number of variables and degree of hypersurfaces (see the proof of Corollary 4.8).
The next proposition gives for any local ring R an example of a 0-dimensional scheme Z ⊂ A n k given by only quadratic equations but non-liftable to R. 
